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ABSTRACT: A finite element model is used to predict the effect of composition on long spacing (L) in
blends of crystalline and noncrystalline polymers. In this model, the diffusive transport of noncrystallizable
moieties away from the crystals from which they are excluded is tracked. The effect of the local
concentration of noncrystallizable material near the growing interface on the kinetics of crystallization
is modeled. Parameters in the model are the Peclet number (Pe), the linear crystallinity (φc), and the
overall concentration of noncrystallizable molecules (Co). The overall crystallization rate (T) depends on
these three parameters. T is found to exhibit a maximum (Tmax) with respect to φc at given Co and Pe. It
is shown that, over a considerable range of Pe and Co, Tmax exhibits either a nearly constant low value
nor a nearly constant higher value. It is suggested that Tmax is the operating condition for such
crystallization. From this hypothesis, expected values of long spacing are predicted. The dependence of
L on Co is found to lie on either of two branches, depending on the value of Pe. Large Pe shows a small
effect of Co on L, while high Pe exhibits a relatively large effect. These results agree with observations on
blend systems.

Introduction

When a blend of a crystallizable polymer and a
noncrystallizable polymer is crystallized quiescently, the
noncrystallizable moiety can be redistributed to any of
the following places: between lamellae, between growth
arms (lamellar bundles), or between spherulites. A
question is, “what controls the distribution of the
noncrystallizable polymer?” The answer to this question
should depend on the relative kinetics of crystallization
and molecular diffusion.1,2

Let us refer to the noncrystallizable moiety as B. In
general, if B were excluded to any degree from the
growing spherulite, its concentration would build in the
melt near the growth surface and continuously alter
(usually reduce) the growth velocity. However, the
general experimental finding is that spherulites in such
blends grow at a constant velocity (see, e.g., refs 3-17),
indicating that steady state is attained. In this case,
there can be no difference in the concentration of B on
either side of the growth front; the excluded B must lie
within the spherulite, either between crystalline lamel-
lae or between growth arms.

Conceptually, one can begin to understand the situ-
ation in terms of the diffusion length δ ) D/V, where D
is the diffusivity of the noncrystallizable species in the
blend and V is the velocity of the crystallization front.
The diffusion length is a measure of the extent of the
compositional field (for the excluded B) ahead of the
propagating interface. If δ is significantly smaller than
the lateral dimension of the growing body (lamella or
growth arm), then the extent to which the crystal-
excluded B can escape laterally (normal to the growth
direction) from the growing body is restricted; its
diffusive motion becomes largely one-dimensional, par-
allel to the growth direction. The concentration of B

ahead of the interface, in this case, will build up, and
steady state cannot be attained. If δ is comparable with
or somewhat larger than the lateral dimension of the
growing body, then the excluded B can diffuse laterally
and can finally be trapped between growing bodies. If
δ is considerably larger than the lateral extent of the
growing body, B molecules move large distances from
the growing bodies and are neither localized in the melt
near the growing interface nor trapped between the
bodies.

Considering first the lamellar level, if δ is comparable
to the lamellar thickness Lc, then the random-walk,
center-of-mass diffusion of B molecules requires that
some portion of the excluded B find itself in the
noncrystalline region separating the lamellae. At steady
state, and if all redistribution were to occur at this
structural level, then the average concentration of B
within the lamellar stacking must be identical to the
overall concentration of B. However, the interlamellar
spaces, where this material is to be found, can be wider
or narrower, depending on how far, on average, a B
molecule has moved. Molecules of the crystallizable
material, termed A, add from the melt to the B in these
spaces, such that the overall concentration of A and of
B are identical on both sides of the growth front. For
small values of δ, the range of diffusion into the
interlamellar regions is small, and consequently the
interlamellar region is narrow and contains relatively
little A. As δ becomes larger, this space opens up and
the concentration of A in the interlamellar space
increases.

As δ increases still more, the interlamellar spaces
become wider and the concentration of A in these
regions becomes comparable to the overall composition.
In this case, it is likely that crystallization will occur in
these regions, effectively thwarting the interlamellar
redistribution process and requiring that B be distrib-
uted into the more widely spaced regions between
growth arms.
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In the conceptual model just described, the inter-
lamellar spacing L is an important parameter, and one
is led to infer that a Peclet number Pe ) LV/D ) L/δ
might be an appropriate index for the distribution of B
in the final product.

In the following, we present a finite element model
designed to simulate the distribution of B in front of a
stack of lamellae and to quantify the condition for
trapping B between lamellae. The model allows redis-
tribution of B only between crystalline lamellae and
does not attempt to define the conditions under which
interarm redistribution is favored. (It is useful to
mention, however, that interarm segregation has also
been treated18 using the finite element model described
in the next section.) This method has been used previ-
ously to simulate the growth of finite19 and infinite20

stacks of polymer lamellae. This previous work ad-
dressed the kinetics of crystallization and the develop-
ment of fibrils while the present work describes how
these kinetics may affect the development of the long
period in a stack of growing polymer lamellae.

The Method
The finite element simulation is a modification of the

method described by Kit and Schultz.21 In this method,
the position of a set of platelike crystals, stacked
periodically, is followed by solving the diffusion equation
in the melt in front of each crystal. The overall volume
fraction of B is taken as Co. The problem is reduced to
three dimensions, two of which are spatial (the stacking
direction and the growth direction) and the third of
which is time. At each step, the concentration of B at
the crystal-melt interface feeds back to determine the
growth velocity in the next time step.

The velocity at each step is governed by C*, the
steady-state concentration of B in the melt at the
growing interface. C* alters the growth velocity from
what it would be for a pure melt of the crystallizable
species. On can write, in general, for the growth
velocity,2

where A(T) contains a mobility term, Tm is the actual
melting point for the crystal near the growth surface,
and B(T) is a Hoffman-Lauritzen term22 of the form

where λ is a constant of order unity, b1 is the interchain
spacing in the growth direction, Tm is the melting point
of the twisted crystal, σs is the surface energy of the
growth face, σe is the surface energy of the broad
surfaces of the lathlike crystal, kB is Boltzmann’s
constant, and ∆hf is the enthalpy of fusion. Changes in
C* can affect A(T), Tm, ∆hf, and the surface energies.
However, for very similar crystallizable and poorly
crystallizable species (e.g., chains of similar chemistry
but different tacticity, defect concentration, or molecular
mass), there will be little change in Tm and ∆hf, and
only molecular mass would markedly affect A(T). In the
following, we shall assume a blend in which the con-
centration of poorly crystallizable species at the front
affects the growth velocity only through the [1 - C*]

term, representing the dilution of crystallizable species
in the melt near the growth front.

Figure 1 shows the unit cell of the system being
modeled. A periodic, infinite stack of crystals will be
simulated by imposing periodic boundary conditions on
the left and right edges (y′ ) 0 and y′ ) L/2). L is the
periodicity, and Lc is the thickness of each crystal. Since
the system is periodic, one need solve only one unit cell
of the system. Here, the blackened area indicates the
half-thickness of the crystal, with the centerline at y′ )
0. The cell boundary at y′ ) L/2 is at the midline of
lateral region between crystals. The crystal grows with
velocity V in the x′-direction.

The periodicity dictates the boundary conditions ∂C/
∂y′ ) 0 at y′ ) 0 and y′ ) L/2. The same condition is
imposed along the lateral side of the growing crystal to
simulate an insulated boundary. The insulating condi-
tion ∂C/∂x′ ) 0 is imposed at x′ ) 0 and at x′ ) Xmax.
The magnitude of Xmax was always large enough so that
this boundary was effectively at infinity (i.e., C never
rose above Co). The boundary condition at growing
crystal fronts is

This ensures mass conservation (i.e., the flux of rejected
species, C*V, diffuses into the surrounding melt). At
each time step, C* is determined by averaging the solute
concentration, C, along the length of this boundary. The
mesh used for the solution is described in ref 21.

The real spatial and time variables are x′, y′, and t′.
In the finite element analysis, a set of nondimensional
variables is used. These are

Additionally, the linear degree of crystallinity is given
by

Each simulation solves the Fickian diffusion equation
over the domain described above for a series of time

V(T,C*) ) A(T)[1 - C*] exp{-[ B(T)
T(Tm - T)]} (1)

B(T) )
λb1Tmσsσe

kBT∆hf
(2)

Figure 1. Solution domain for simulation of growth of an
infinite stack of lamellar crystals.

C*V ) D(∂C
∂x′ + ∂C

∂y′) (3)

x ) x′
D/V

, y ) y′
Lc

, t ) t′
D/V2

(4)

φc )
Lc

L
(5)
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steps. Simulations are uniquely determined by the
following parameters: Pe, φc, and Co. The computer
program outputs the following data for each simula-
tion: interface concentration and position (C* and X*)
as a function of time and the entire concentration field,
C(x,y), at the end of the simulation. To explore the
effects of φc (and hence L) on crystallization kinetics, φc
was varied for fixed Lc and Pe. Recall that the reduced
y-dimension is scaled by Lc so that the crystal thickness
was always 1. This series of simulations was repeated
for several different Peclet numbers to provide the
necessary data.

A typical contour plot of C(x,y) is shown in Figure 2
for Pe ) 5.0, φc ) 0.3, and Co ) 0.5 The lamella occupies
the region 0 e y e 0.5, 0 e x e 22.1 and has grown in
the x-direction for 100 time units. Note that the contour
lines intersect the symmetric boundaries (y ) 1.667 and
y ) 0) at right angles. This is a check that the symmetric
boundaries were formulated correctly. Note also that the
contour lines outline the boundary of the crystal because
the concentration changes steeply to zero at the crystal
boundaries. Figure 2 only shows a portion of the solution
domain, and the insulating conditions at x′ ) 0 and at
x′ ) Xmax are not shown. We have assumed Fickian
diffusion here, but the incorporation of reptation effects
may be necessary depending on the time scales involved
in the simulation and the reptation time of the polymers
of interest. The results of the current model show, at
least to a first approximation, that crystallization kinet-
ics may affect the determination of long period.

Results

Effects of the Process on the Concentration of
B. The effect of Pe on the evolution of the concentration
C of B in reduced time is shown in Figure 3 for Co ) 0.5
and φc ) 0.3. It is seen that C* rises quickly from Co
and then tends toward a constant value at longer times.
When Pe is large, Co rises more quickly initially, begins
to level off sooner, and tends toward a higher steady-
state value than when Pe is small. Recall that Pe )
VLc/D and that real time, t′, equals tD/V2, where t is
the reduced time. Therefore, the time scales for the
curves in Figure 2 are directly comparable if changes
in Pe reflect only changes in Lc and not changes in D or
V.

In order for a steady state to be reached, the rate at
which noncrystallizable species (B) are excluded must
equal the rate at which they can diffuse normal to the
growth direction. As Lc is increased while D and V are
kept constant (Pe increases), excluded chains must
diffuse further in order to reach the amorphous region
separating the lamellae. This results in a faster initial
increase in C*, relative to thinner lamellae. The larger
steady-state value of C* develops in order to provide a
concentration gradient large enough to allow B to
maintain the required flux of B from the growing
lamella. Likewise, an increase in Pe due to lower D or
greater V results in slower diffusion or faster solute
expulsion and has a similar effect.

The effect of φc on the time dependence of C* is shown
in Figure 4 for Co ) 0.5 and Pe ) 0.4. Since Pe is kept
constant for these simulations, changes in φc must be
interpreted as changes in the long period, L. The curve
for φc ) 0 is the result for a single lamella growing in
an infinite melt and was achieved by using a very large
value of L. The results for φc ) 0.1 are very similar to
the results for the single lamella. This indicates that
there is very little interaction between neighboring
lamellae when φc ) 0.1 and Pe ) 0.4. As φc increases,
the distance between neighboring lamellae decreases,
and the diffusion fields begin to overlap significantly.
This leads to an increase in the steady-state value
reached by C*.

In some situations there is a limiting value of φc above
which steady-state growth should not be possible for the
present problem. In order for a steady state to develop,
a net transport of B parallel to the growth direction
must not be necessary. Recall that no B is incorporated
into the crystalline lamellae. To avoid net mass trans-

Figure 2. Contour plot of diluent concentration surrounding
a growing lamellar crystal (t ) 100, Pe ) 5, Co ) 0.5,
φc ) 0.3).

Figure 3. Effect of Pe on the evolution of C* (Co ) 0.5, φc )
0.3).

Figure 4. Effect of φc on the evolution of C* (Co ) 0.5, Pe )
0.4).
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port parallel to the growth direction, the A fraction
behind the growth front cannot exceed the overall A
fraction 1 - Co. Therefore, a steady growth rate will
develop for the present problem only when the condition
φc e 1 - Co is satisfied. Referring to the results in Figure
4, which were generated with Co ) 0.5, steady-state
growth will not develop when φc is greater than 0.5.
There, it appears that a steady state has been reached
after 100 time units for φc ) 0.0, 0.1, and 0.3, but not
for φc ) 0.5, 0.7, or 0.9.

Steady-State Transformation Rate. We describe
first the concept used. The rate at which mass is
transformed from melt to crystal is proportional to
(Lc/L)V or φcV. It is not difficult to show that V is
greatest when the crystals are thinnest (φc f 0), but in
this case the mass transformed is very small. At the
opposite extreme, as φc f 1, the mass transformed is
100%, but the growth velocity is very small, since all B
must diffuse away parallel to the growth direction (a
one-dimensional diffusion situation). The most rapid
rate of mass transformation occurs somewhere between
these extremes. In the following, we take the operating
point to be the value of φc which gives the maximum
rate of mass transformation.

Computed transformation rates, T ) φcV, are plotted
vs φc ()Lc/L) in Figure 5 for several values of Pe and
with Co ) 0.5. For each simulation, the value of C* at t
) 100 is used to identify the steady-state interface
velocity in the calculation of T. As expected, T goes to
zero at φc ) 0 and to a very low value at φc ) 1. Also, as
expected, T exhibits a maximum at some φc* between
these extremes. The position of this maximum shifts
toward lower values of φc as Pe increases. When Pe is
small, the field of B surrounding a growing crystal is
quite broad, and the maximum transformation rate will
occur at relatively small values of φc. As Pe increases,
the diffusion fields become smaller, and the crystals
must be brought closer together before they start to
significantly affect each others growth, conceptually
explaining the observed increase of the maximum with
Pe. Note also that the magnitude of the maximum
transformation rate decreases as Pe is increased. Since
an increase in Pe causes a general increase in C* (see
Figure 3), it also causes a decrease in the overall
kinetics.

The position of the maximum transformation rate
shifts also as Co changes. Computed transformation
rates vs φc are plotted in Figure 6 for several values of
Co, with Pe ) 0.1. As Co is increased, φc* shifts to lower

values of φc, and the magnitude of the maximum
decreases. φc* decreases as Co increases in order for the
noncrystallizing species to be incorporated between the
lamellae.

Discussion

Many simulations were run in order to determine the
effect of Pe and Co on the position of the maximum
transformation rate. The results of all of these simula-
tions are shown in Figure 7. It should be pointed out
that each point in this figure is a result from a different
simulation. The points in Figure 7 are the values of φc
for which the mass transformation rate was found to
be the highest for the given Pe and Co. The accuracy to
which each maximum could be determined was depend-
ent on the number of simulations carried out in the
vicinity of the maximum. The error bars in Figure 7
represent the values of φc closest to the maximum for
which the transformation rate was determined numeri-
cally.

Figure 7 shows the value of φc*, the position of the
maximum steady-state transformation rate, as a func-
tion of Pe for three values of Co. It is seen that the
position of the maximum transformation rate varies
only over a narrow range of Peclet number. It increases
as Pe is increased in the range from 0.1 to 10. Below Pe
) 0.1, φc* remains constant. As Pe approaches 10, φc*
approaches the limit 1 - Co, above which steady-state
growth is not possible, and φc* will remain at this level
as Pe is increased further. It is interesting to note that
φc* changes only over a narrow range of Pe.

The reason for the plateau at low Peclet numbers will
now be discussed. Compare the transformation rates for
Pe ) 0.01 and Pe ) 0.1 shown in Figure 5. Not only are
the positions of the maxima very similar but the
magnitudes of the transformation rates as well. The
distance between a growing crystal and the periodic

Figure 5. Crystalline volume transformation rate as a
function of φc for several values of Pe (Co ) 0.5).

Figure 6. Crystalline volume transformation rate as a
function of φc for several values of Co (Pe ) 0.1).

Figure 7. Position of maximum transformation rate as a
function of Pe for several values of Co.
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boundary condition is approximately equal to half of the
reduced long period, L/2 (see Figure 1). When δ is much
greater than L/2 (i.e., Pe , 2), concentration gradients
in the y direction should disappear. This can be seen in
Figure 8, which shows the concentration gradients in
the y direction at the x position of the growth front for
different Peclet numbers. When Pe ) 0.1 and 0.01, the
concentration gradients in the y direction are virtually
flat. Therefore, changes in Pe should not have much of
an effect on the results as long as Pe , 2, and φc* will
be independent of the Pe number when it is sufficiently
small.

It has been reported for several miscible binary
blends23-28 that the long period L is a function of the
overall concentration, Co, of noncrystallizing species.
This behavior has been interpreted by some25,27,29 as
proof of interlamellar incorporation of noncrystallizable
species. However, there has been no attempt to propose
a quantitative relationship between L and Co.

Assuming the maximum crystalline volume transfor-
mation rate as an operating point, the results of the
previous section can be used to predict long periods in
miscible blends. The long period will be a function of
the overall impurity concentration and the Peclet num-
ber. Actually, it is the quotient L/Lc which is predicted,
but since Lc is taken as known, L is the effective
variable. The minimum long period, Lmin, is limited by
the maximum linear degree of crystallinity, φc

max,
which is limited by the value of (1 - Co):

This dependence of L on Co will result for large Peclet
numbers, where φc* is limited by (1 - Co). L will
increase as Pe decreases. The variation of φc* with Pe
is shown in Figure 7 for three values of Co. It was
explained previously that φc* is constant for Pe less than
0.1. Therefore, to get an upper bound on L/Lc as a
function of Co, additional simulations were carried out
with Pe ) 0.01 for several values of Co besides those in
Figure 7.

Figure 9 shows several sets of L/Lc vs Co data from
the literature.26-28,30 In all of these cases, the increase
in L with increasing Co is largely due to increases in
the amorphous layer thickness, La, while lamellar
thickness, Lc, is relatively independent of Co. In two of
the cases (iPP/PCP,26 PCL/SAN30), Lc actually decreases
slightly while both La and L increase. For the other
blends (PBT/Par,27 PEO/PMMA,28 PCL/PVME30), the

increase in La with increasing Co is at least 6 times
greater than the increase in Lc. Also shown in that
figure are the minimum possible L, as calculated by (6),
and the maximum L (corresponding to Pe ) 0.01), shown
as the upper solid line. The predicted value of L/Lc goes
to 1 for homopolymers (Co ) 0). However, in reality, neat
polymers have a linear crystallinity less than 1 (i.e.,
some portion of the crystallizable polymer resides in the
amorphous layers separating the crystalline lamellae).
The noncrystalline B molecules excluded from the
crystals would add to the A molecules already resident
between the crystals and would expand the thickness
of those layers beyond the initial, neat polymer value.
Therefore, the long period data from the literature was
corrected for a nonzero value of La at Co ) 0. The data
points in Figure 9 are (L - La

neat)/Lc, where L is the
measured long period, La

neat is the measured amor-
phous layer thickness in the neat homopolymer, and Lc
is the measured lamellar thickness.

It is seen in Figure 9 that the data for polycaprolac-
tone/poly(vinyl methyl ether) and poly(ethylene oxide)/
poly(methyl methacrylate) lie very close to the minimum
possible long periods (prediction for large Peclet num-
bers). The data for the other three blends lie very close
to the predicted long periods for small Pe. Peclet
numbers will be estimated for two of these blend
systems: poly(ethylene oxide)/poly(methyl methacry-
late) (PEO/PMMA) and isotactic polystyrene/polycyclo-
pentadiene (iPP/PCP). The PEO/PMMA data shown in
Figure 9 were reported by Talibuddin et al.28 for a
crystallization temperature of 45 °C. The weight-aver-
age molecular weights of the PEO and PMMA used were
144 000 and 64 000, respectively. Talibuddin et al.
reported Lc ) 20 nm and V ) 1060 nm/s for PEO at 45
°C. The self-diffusion coefficient for PEO at this molec-
ular weight and temperature can be determined by
extrapolating data reported by Cheng et al.31 This
results in a diffusion coefficient of 3 × 10-11 cm2/s. This
will be taken as an upper bound on the interdiffusion
coefficient of the blend, since the mobility of PMMA
segments is much less than that of PEO segments32 and
the molecular weights of the PEO and PMMA are
relatively close. This leads to a lower bound of 7 for the
Peclet number of this blend. Note that the PEO/PMMA
data in Figure 9 agrees well with the prediction for large
Pe (5.0).

The iPP/PCP data shown in Figure 9 was reported
by Martuscelli et al.26 for a crystallization temperature

Figure 8. Concentration profiles, C(x ) X*, y) at t ) 100 for
φc ) 0.3 and varying Peclet number.

Lmin )
Lc

φc
max

)
Lc

1 - Co
(6)

Figure 9. Predicted and actual reduced long periods as a
function of Co.
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of 123 °C. The weight-average molecular weights of the
iPP and PCP used were 300 000 and 630, respectively.
Martuscelli et al. reported Lc ) 10 nm, and Keith and
Padden33 reported V ) 333 nm/s for iPP at 123 °C. The
diffusivity of PCP in iPP has not been reported, and it
must be estimated using the reported diffusivity of
benzene in iPP. The PCP used by Martuscelli et al.26

had a degree of polymerization of 10 and is far below
the entanglement limit. Therefore, the diffusivity D is
given by the Rouse model:34

where k is Boltzmann’s constant, T the absolute tem-
perature, ú0 the friction coefficient of the monomer, and
N the degree of polymerization. The diffusivity of the
cyclopentadiene monomer is then given by kt/ú0 (N )
1). A lower bound on the diffusivity of cyclopentadiene
in iPP is given by the diffusivity of benzene in iPP, since
cyclopentadiene is structurally similar to benzene and
somewhat smaller. Flynn35 has reported the diffusivity
of benzene in iPP at 30 °C to be 1.7 × 10-9 cm2/s. The
activation energy for diffusion of benzene in polyethyl-
ene is 28 kJ/mol.36 This is also a reasonable value for
the activation energy for diffusion of benzene in polypro-
pylene.35 Using this activation energy, the diffusivity
of benzene in polypropylene at 123 °C is calculated to
be 6.3 × 10-7 cm2/s. This is taken as a lower bound to
the diffusivity of cyclopentadiene (kt/ú0) in iPP at 123
°C. The diffusivity of PCP with a degree of polymeriza-
tion of 10 then found to be 6.3 × 10-8 cm2/s. This leads
to an upper bound of 0.013 for the Peclet number in this
system at 123 °C. Note that the iPP/PCP data in Figure
9 agrees well with the prediction for small Peclet
numbers (0.1).

The observation that the data points in Figure 9 lie
close to the upper and lower predictions and not in
between is not surprising, in light of the small range of
Peclet numbers for which φc* varies between the maxi-
mum and minimum. This result is consistent with the
apparent experimental observation that the long spac-
ing either expands markedly with concentration of
noncrystallizing species or varies little from the value
for the neat polymer. These extremes now appear to be
related to Peclet numbers above or below unity, above
indicating a small diffusion length and below indicating
a large diffusion length.

Summary
The diffusional transport of noncrystallizable material

away from the crystallization front of a system of
growing, periodically stacked crystalline lamellae has
been simulated, using a finite element model. The effect
of the localized compositional field on the growth
velocity and overall transformation rate of the material
is the output of the model. The Peclet number (Pe), the
overall composition (Co), and the linear crystallinity (φc)
are variables in the simulation. It is shown that the
overall transformation rate exhibits a maximum with
respect to φc, the position of that maximum increasing
with increasing Pe and decreasing Co. Assuming the
maximum volume crystallization rate to be the operat-
ing principle, the expected optimal values φc of as a
function of Pe and Co are predicted. It is shown that for
any given Co the maximum transformation rate is
effectively constant for Pe below a value of approxi-

mately 1 and assumes another, higher effectively con-
stant value for Peclet numbers above approximately 5.
The dependences of long spacing on Co are accordingly
expected to lie on either of two curves, corresponding
to high and low Peclet numbers (little change of long
spacing or large long spacings which track Co, respec-
tively), and this result accords with experimental ob-
servation.
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